A detailed numerical investigation of an inhomogeneously broadened unidirectional ring laser operating in a pair of doughnut modes was performed for the parameter region corresponding to a transient from the standing wave to the travelling wave operation. It was shown that the dynamical transverse patterns arising in the transient region can either oscillate back and forth or continuously rotate around the cavity optical axis.
Introduction and description of the model
The investigation of the influence of nonlinearities on the transverse configuration of the electromagnetic field in lasers is now a popular branch of nonlinear optics. The system of equations for the time-dependent amplitudes of Gauss-Laguerre or Gauss-Hermite modes is a good approximation for simulating the dynamics in the transverse section of the smallaspect-ratio laser, see, for example, [1] . A system of partial differential equations has to be used for an adequate description of the pattern formation in large-aspect-ratio lasers, see [2] and references therein.
In the present work we study the nonlinear interaction of the two Gauss-Laguerre modes with opposite angular momenta l = ±1 (or the doughnut modes) in the inhomogeneously broadened active medium. We suggest that the electric field in the cavity is E = ρ E + (t) exp(iϑ) + E − (t) exp(−iϑ) exp(−ρ 2 /2 + ikz − iωt) + CC .
Here, E ± are the slowly varying electric field envelopes of the modes, ρ is the dimensionless distance from the cavity optical axis in the transverse direction, ϑ is a polar angle, k and ω are the wavenumber and the optical frequency, respectively. The slow dependence of the coordinate z along the optical axis is dropped. The Maxwell-Bloch equations near the bifurcation point from the non-lasing state are reduced to the ordinary differential equations for a pair of nonlinear oscillators, see [3, 4] ∂
where η is the pump parameter, R and ψ are the amplitude and the phase of the linear coupling coefficient, β, γ r and γ i are the real coefficients depending on the detuning, inhomogeneous and homogeneous γ ⊥ linewidths and on the decay rate of the inversion of an active medium γ || . Setting R = 0 we suggest cylindrical symmetry breaking due to astigmatism of the ring cavity. A large number of the experimental works were concerned with an investigation of the doughnut interaction in different types of active media, see [5] [6] [7] [8] [9] [10] . CO 2 and Na 2 lasers were investigated in [5, 6] , the He-Ne laser in [7, 8] and the ring cavity containing a photorefractive crystal in [9, 10] . All these works underline the crucial role which cylindrical symmetry breaking plays in the formation of dynamical and stationary patterns. Equation (2) has a pair of solutions of standing wave type:
and µ = π, 0, here µ = µ + − µ − is the phase difference of the doughnuts. The standing waves are the usual Gauss-Hermite modes TEM 10 and TEM 01 . The pure doughnut solutions E + = 0, E − = 0 and E + = 0, E − = 0 exist only in the case of perfect cylindrical symmetry. If the cylindrical symmetry is destroyed they are transformed into a pair of travelling wave solutions TW + and TW − with |E ± | = 0. Analytical expressions for the travelling waves can be found in [11, 12] . There are two reasons leading to the standing waves' stability. The first one is a self-saturation coefficient greater than the cross-saturation coefficient, i.e. γ r < 1, and the second one is linear coupling. The various types of time-dependent regimes can be stable for parameter values corresponding to the transient region from the travelling waves to the standing waves. The dynamical patterns arising from an interaction of the doughnut modes in the homogeneously broadened lasers (γ r = 2) were investigated theoretically in [3] . The cross-and self-saturation coefficients of the pair of Gauss-Laguerre modes with opposite angular momenta interacting in an inhomogeneously broadened laser were calculated recently by Huyet et al [4] . It was shown that in such a laser the ratio of the cross-and self-saturation coefficients γ r depends strongly on γ ⊥ /γ || and k ⊥ w but not on the detuning. Here k ⊥ is the transverse component of the wave vector of the laser mode, w is the average atom velocity. The situation where self-saturation is greater then crosssaturation, i.e. γ r < 1, can be obtained in lasers with large values of the parameters γ ⊥ /γ || and k ⊥ w. The condition γ ⊥ /γ || 1 can be satisfied in class A lasers where κ γ || γ ⊥ and in class B lasers where γ || κ γ ⊥ . Here κ is the cavity decay rate. The dynamics of the inversion is not taken into account in equation (2) therefore they are more suitable for class A lasers. Equation (2) can be used for class B lasers only for extremely small pumping, η γ || /κ. In this work we study different types of dynamical patterns arising in the transient region from γ r > 1 to γ r < 1. There a full formal analogy exists between equations describing a unidirectional ring laser operating in a pair of doughnut modes and a bidirectional ring laser with one wave in each direction, see e.g. [4, 11] . My colleagues and I recently reported, see [11, 12] , about the phenomenon of phase-symmetry breaking in an inhomogeneously broadened bidirectional class A ring laser. This phenomenon means that the phase difference of the counterpropagating waves continuously increases (or decreases) in time. It occurs in a non-rotating laser with the symmetry property
due to only linear coupling between counterpropagating waves and detuning from the line centre. A detailed theoretical investigation of the possible bifurcation scenarios in equation (2) can be found in [13] . However, the above-mentioned phase effect was not described in [13] . One of the aims of this work is to demonstrate how phase-symmetry breaking exhibits itself in the dynamics of the pair of doughnut modes.
Numerical simulation of the laser dynamics
For the numerical analysis we pass from the complex equation (2) to the real equations
where
The plane (A, φ) was chosen for constructing the bifurcation diagram, see figure 1 here and in [11] , and the parameters S and ψ were fixed as 0.7 and π/3. The parameter A is the ratio of the pump η and parameter R characterizing the cavity astigmatism. Therefore A can be varied in a sufficiently wide region. When φ/π changes from 0.35 to 0.55, γ r changes from 0.52 to 1.25, see figure 1 . The parameters β and γ i also change under such conditions.
The solution corresponding to TEM 01 (TEM 10 ) exists for A > sin ψ (A > − sin ψ). TEM 01 is stable in the region lbgl. TEM 01 undergoes supercritical Hopf bifurcation on the line lg. The stable limit cycle LC emerges on the line lg. LC exists in the region ilgsuxi, and it disappears on the line ix in the heteroclinic orbit connecting a pair of travelling wave solutions, TW1 and TW2, which are unstable for any values of the parameters. The analytical expressions for these unstable solutions can be found in [11, 12] . LC disappears on the line ux in the homoclinic figure-of-eight orbit with a centre in TEM 10 . TEM 10 is stable in the region absxkeda and it undergoes supercritical (subcritical) pitchfork bifurcation on ke (sk). The travelling wave solutions, TW + and TW − (TW1 and TW2), arise after supercritical (subcritical) pitchfork bifurcation of TEM 01 and TEM 10 . TW + and TW − exist above the line joke. They are stable in the domain okecqo. TW1 (TW2) and TW + (TW − ) Figure 1 . The bifurcation diagram for equations (5). The stable limit cycle LC exists in the region ilgsuxi. The stable limit cycles LC1 and LC2 exist in the region ozxuqo. TEM 01 (TEM 10 ) is stable in the region lbgl (absxkeda). The travelling waves TW + and TW − are stable in the region oqceko.
merge and disappear via a saddle-node bifurcation on the line jok. Supercritical Hopf bifurcations of TW + and TW − occur on the curve oq. The stable limit cycles LC1 and LC2 arising after supercritical Hopf bifurcations of TW + and TW − exist in the domain uxoqu. LC1 and LC2 vanish on the line ux in the homoclinic figure-of-eight orbit with a centre in TEM 10 . After this homoclinic bifurcation the limit cycle LC arises. LC1 (LC2) vanishes on the line xzo where the steady-state TW1 (TW2) has a homoclinic orbit.
The intensity of the electromagnetic field in the laser can be expressed as
In the case of imperfect cylindrical symmetry the laser intensity (6) will have a minimum for ϑ min = (−µ±π)/2. µ is a function of time for periodic solutions, therefore the intensity minimum will rotate around the optical axis with the angular velocity
Now we clarify which dynamical patterns correspond to the periodic regimes LC, LC1, LC2. The projections of the cycles LC1 and LC2 on the phase plane x 1 = E + E − cos µ, x 2 = E + E − sin µ are shown in figure 2 (a). The point x 1 = x 2 = 0 is not surrounded by these cycles for the parameter region lying lower then the broken curve starting at the point z and asymptotically approaching the line oq, see figure 1 . It means that the phase difference µ(τ ) is a bounded function of time. The angular velocities of the rotation of the patterns corresponding to these cycles are presented in figure 2(b) . We can see that the velocities periodically change their signs. Therefore the intensity minimum oscillates back and forth within a finite interval of angles ϑ. For the parameter region lying above the broken curve, the point x 1 = x 2 = 0 becomes surrounded by both cycles, see figure 3(a). Such a situation means that µ is an unbounded function of time. For one cycle µ continuously increases in time and for another it decreases in time. We have named the analogous phenomenon occurring in a non-rotating class A ring laser as the spontaneous phase-symmetry breaking of the counterpropagating waves, see [11, 12] . The angular velocities of the patterns corresponding to the limit cycles shown in figure 3 (a) always remain positive or negative, see figure 3(b) . Hence, the intensity minimum continuously rotates in a clockwise or counterclockwise direction. The limit cycles surrounding and not surrounding the point x 1 = x 2 = 0 were also described by Etrich et al, see [14] , for the rotating class A ring laser, i.e. for the case when the symmetry property (4) is absent. The projection of the limit cycle LC on the plane (x 1 , x 2 ) and the angular velocity of the pattern versus time corresponding to this regime are shown in figure 4 (a) and (b). The velocity changes its sign repeatedly, so the intensity minimum oscillates back and forth in a finite interval of angles. (ii) Rotating pattern. The pattern rotates continuously in a clockwise or counterclockwise direction around the optical axis, see figure 3 .
The transverse profiles of the rotating and oscillating patterns for different moments of time are shown in figure 5 . The use of the point detector allows one to carry out measurements of the local laser intensity at fixed transverse coordinates, see, for example, [5] . In figure 6 we show how the local intensity of the above-mentioned dynamical patterns depends on time.
(i) The oscillating pattern shown in figure 5(a) . Here ϑ min oscillates inside the finite interval of the polar angles δϑ. Therefore the local intensity inside δϑ oscillates near a lower average level than the intensity outside δϑ, see figure 6 (a).
(ii) The rotating pattern shown in figure 5(b) . This pattern continuously rotates, hence the intensity minimum with respect to ϑ will continuously rotate around the optical axis and the local intensity calculated for any ϑ will oscillate about approximately the same average level, see figure 6 (b). The oscillating back and forth and continuously rotating patterns were recently observed in an experiment carried out by Hennequin et al, see [9] . They observed dynamical patterns as discussed in the present work in an astigmatic cavity with a photorefractive crystal. The typical period of the oscillations observed in this experiment was ∼ 0.1-1 s. On the other hand experiments with lasers, see [5] [6] [7] , have shown oscillation periods of ∼ 10 −5 -10 −6 s. Therefore it is more difficult to identify what kinds of dynamical patterns, either rotating or oscillating, were observed in the gas lasers, see [5] [6] [7] .
All calculations in this work were performed with the help of programs which were specially designed by A I Khibnik and co-workers, see [15] , for an investigation of bifurcations of the steady-state and periodic solutions of the ordinary differential equations.
Conclusion
We have investigated the inhomogeneously broadened laser with imperfect cylindrical symmetry operating in a pair of doughnut modes. The existence of two types of regimes with time-dependent intensity was demonstrated. For one of them the intensity minimum oscillates back and forth in the definite interval of the polar angles and for another it rotates continuously around the optical axis. The results of this work can be applied to described qualitatively the dynamical regimes observed, for example, in an He-Ne laser operating in a pair of the doughnut modes, see [7] . A standing wave (TEM 10 or TEM 01 ) was observed for sufficiently large values of the astigmatism and the different time-dependent regimes were stable for smaller astigmatism [7] . Such a scenario is in qualitative agreement with the scenario shown in figure 1 . The mode TEM 10 is stable for large values of the astigmatism R (small A) and the dynamic regimes become stable with decreasing R (large A). It is obvious that a more detailed description can be carried out by using the full Maxwell-Bloch system, see [1] , but as has been seen, even the simplest equation (2) can describe different types of dynamic transverse patterns in lasers.
